In this paper, on basis of three quadratic differential operators leaving the form degree of an arbitrary differential form unchanged, that is, the d'Alembertian operator and two combined ones from the Hodge coderivative and the exterior derivative, the usual Komar current for a Killing vector is formulated into another equivalent form. Then it is extended to more general currents in the absence of the linearity in the Killing vector field. Moreover, motivated by this equivalent of the usual Komar current, we put forward a conserved current corresponding to a generic vector with some constraint. Such a current can be generalized to the one with higher-order derivatives of the vector. The applications to some specific vector fields, such as the almost-Killing vectors, the conformal Killing vectors and the divergence-free vectors, are investigated. It is demonstrated that the above generalizations of the Killing vector can be uniformly described by a second-order derivative equation. * pengjjph@163.com
Introduction
General relativity, together with its various modified gravity theories, possesses a diffeomorphic invariance in accordance with the requirement of the covariance principle for the theory itself. Ordinarily, such a symmetry is generated by vector fields, particularly by the Killing vectors. As a consequence, inspired with the famous Noether theorem, one can naturally anticipate that each vector field has the potential to bring into a conserved current, and further to give rise to a corresponding conserved charge.
In fact, a well-known significant example to demonstrate the above statement is the appearance of the so-called Komar conserved current for general relativistic spacetime manifolds [1] , although it was found without the guidance of the standard Noether approach. By virtue of such a simple but useful current, the Komar integral was put forward. Till now, it has occupied an important position in the definition of the conserved charges in asymptotically flat spacetime. Nevertheless, when the Komar integral is carried out to calculate the conserved charges of spacetimes that do not behave as asymptotical flatness, it usually gives rise to the divergence problems. Not only that, it sometimes fails to reproduce the anticipated values for all the conserved charges even though they are finite [2, 3, 4] . Consequently, the usual Komar current, as well as the Komar integral, deserves to be modified. Actually, there has existed a lot of literature involved in its modifications and generalizations. For example, see the works [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17] . As another example to construct conserved currents expected to provide interesting insights into the conventional Komar current, let us take into consideration of its extension corresponding to an exact symmetry generated by the Killing vector fields. Notice that the conventional Komar current merely consists of a second-order derivative term of the Killing vector. However, if assumed that the conserved currents depend at most upon the second-order derivatives of the Killing vector and their linearity in this vector is lost, one may desire to know what the most general conserved current should be and what properties it exhibits.
More generally, we may even go further, taking into account the construction of the conserved currents associated to a generic vector field (specifically, the conserved currents are restricted to depend only on the vector and the metric tensor, as well as their derivatives). As a matter of fact, each conserved current can be seen as a divergenceless vector.
This gives us a clue that the conserved currents, as well as the vectors involved in them, are able to be understood as 1-forms, which can be manipulated by all the operators within the framework of differential forms. Consequently, it is feasible to obtain various currents by letting the Hodge star operation ⋆ and the exterior derivative d, together with their combinations, act on the vector fields. However, in order to ensure that the form degree of the currents remains one, it is of great necessity to choose the operators that can leave the form degree of the 1-form vector fields unaltered. Really, as what has been illustrated in the work [18] , for an arbitrary p−form F in an n-dimensional spacetime manifold with a metric g µν having a Lorentzian signature (−, +, +, · · ·), under the action of the generally-covariant d'Alembertian operator , as well as the second-order operationδd or dδ (the concrete forms for their action on F can be found in the appendix A), the form degree of the p−form remains invariant. Here the codifferential (or the divergence operator)δ is defined througĥ δ = (−1) np+n+1 ⋆ d⋆, and its action on F leads to (δF) µ 2 ···µp = ∇ µ 1 F µ 1 ···µp (for details on the operatorsδ,δd and dδ, see [18] and references therein). Furthermore, it will be proved below that all the three quadratic differential operators , dδ andδd are the primary ones with the lowest differential order that can preserve the form degree of any differential form.
According to this, they may be the ideal candidates to generate conserved currents out of various vector fields. Therefore, we arrive at the question whether the three operators , dδ andδd can bring about some interesting conserved currents by means of their action on a Killing vector field or a generic one.
For the purpose of answering the above questions, treating the vector fields (including the Killing vectors) together with the conserved currents as 1-forms, and choosing the three objects , dδ andδd as the fundamental operators acting on them, we attempt to supply another way to find out the possible conserved currents associated with these vectors. The outcome will show that the usual Komar current can be generalized to the ones containing non-linear terms of the Killing vectors. Besides, the three operations together with their linear combination render us to conveniently put forward the conserved currents made up of second-or higher-order derivatives of any general vector field. Remarkably, by virtue of the operator constructed from the linear combination of the three elementary ones, the ordinary Komar current for the Killing vector is able to be written as a novel equivalent form, while the equations encompassing the second-order derivatives of the vector fields can be expressed as a unified formulation.
The remainder of the present paper goes as follows. In section 2, we are going to investigate various possible conserved currents associated with the Killing vector fields.
Subsequently, the usual Komar current will be generalized to the one with respect to an arbitrary vector by means of the three differential operations ,δd and dδ. In order to demonstrate the meanings of the current, a couple of examples for some specific vector fields will be presented. In section 3, we shall pay attention to the extended currents that are dependent at most of second-order derivatives of a general vector field, as well as the currents consisting of higher-order derivative terms of the vector. The last section is our discussions and remarks.
Generalized Komar currents associated to vector fields
In the present section, with the help of all the three second-order differential operations , δd and dδ (the introduction for them is given in the appendix A), it is of great convenience for us to put the ordinary Komar current for a Killing vector into another novel form.
According to this, we shall put forward a more general conserved current that is made up of terms proportional to at most second-order derivatives of the Killing vector, as well as a conserved current with respect to arbitrary vector fields. As some examples, the currents associated with a couple of specific interesting vectors, such as the almost-Killing vectors, the conformal Killing vectors and the divergence-free vector fields, are deduced. It is worth noticing that it is postulated that the currents are merely dependent of the vector fields and metric tensors, as well as their derivatives, throughout this work.
Komar currents in terms of the operations ,δd and dδ
As a beginning, for simplicity, we take into account the ordinary Komar current J K corresponding to a Killing vector ξ µ , which describes the infinitesimal isometries of an ndimensional spacetime manifold equipped with a pseudo-Riemannian metric g µν and is determined by the well-known Killing equation 2∇ (µ ξ ν) = 0. The conserved Komar current is defined as [1] 
1)
In accordance with the identityδ 2 = 0, it is easy to verify that the Hodge coderivative of J K identically vanishes (δJ K = 0 or ∇ µ J µ K = 0), independently of whether the metric tensor is on-shell or off-shell, even though ξ µ is an arbitrary vector.
As what is shown in Eq. (2.1), the ordinary Komar conserved current can be completely constructed from the action of the operatorδd on the Killing vector ξ. Apart from this operator, one may wonder whether the other two second-order operations and dδ that also preserve the form degree could enter into the definition of J K . Indeed, according to the property for the Killing vector
together with the null divergenceδξ = 0, it seems that a quite natural way to put the usual Komar current J K for the Killing vector into a novel form is to reexpress J K as the linear combination of the three second-order derivative 1-forms ξ, dδξ andδdξ. Doing so yields the identically conserved current
Here and in what follows the coefficients χ, a 1 and a 2 denote arbitrary constant parameters, but the latter two ones are constrained by a 1 + a 2 = −1 in order to make Eq. (2.3)
coincide with the conventional form J K = −δdξ for the Killing vector. In addition to this, both the coefficients a 1 and a 2 can be chosen for agreement with the mass of the Schwarzschild black hole whenJ K is applied to define conserved charges like the Komar integral. For another special situation where a 1 = χ = 0, the co-closed 1-formJ K is able to be adopted as the conserved current corresponding to any vector field, such as the almostand conformal Killing vectors. As a result, here we arrive at the aforementioned conclusion that each vector field can yield a conserved current. What is more, within the framework of four-dimensional general relativity, by means of Einstein's gravitational field equation R µν − Rg µν /2 = 8πGT µν together with Eq. (C.1), the Komar current (2.3) coincides with the one presented in the work [19] .
The formula (2.3) indicates that the conventional Komar conserved current is merely built out of the second-derivative terms of one Killing vector. However, more generally, if assumed that the conserved current comprises at most but not just the second-order derivatives of the Killing vector and the linearity in this vector is abandoned so that it is permitted to appear many times in each term, we are interested in finding the possible generalization of the Komar current (2.3).
To find out a satisfactory prescription under the above mentioned postulate, it is of great convenience to treat both the current and the Killing vector field as 1-forms. As what has been demonstrated in the appendix A, , dδ andδd are all the three elementary secondorder covariant derivative operators preserving the form degree of an arbitrary differential form. Together with the help of Eq. (B.1), thence one finds that the aimed conserved currentĴ K has to take the general form
with the components of the 1-formJ K presented by
Here the scalarŪ is given bȳ
restricted to constant parameters in response to the assumption thatĴ K is solely associated to the variables g µν (g µν ) and ξ µ . By virtue of the properties for Killing vectors, which are presented in the appendix C, the codifferential of the 1-formJ K is read off aŝ
Specially, for a certain Killing vector fulfilling ξ 2 = Const, it is able to ensure thatδJ K = 0.
Nevertheless, in order to guarantee that the divergence of the currentĴ K identically vanishes for any Killing vector within an arbitrary spacetime manifold, in addition to thatδJ K = 0 and ξ µ ∇ µ λ = 0 hold identically,J K is necessarily divergenceless. This demands that
In Eq. (2.8), for example, when λ 3 = 0 and
the solutions for the second equation are
Here and henceforth, the quantity C, together with all the coefficients a i 's, stands for arbitrary constant parameters. More generally, in the absence of the requirement that λ is dependent of at most second-order derivatives, one interesting solution for the constraint
Here and in what follows the coefficients b i 's and k ij 's denote constant parameters. The scalars {F i , i = 0, 1, · · ·} and {W i , i = 0, 1, · · ·} in Eq. (2.11) are defined through
while the scalarsF i 's andW i 's take the forms similar to F i 's and W i 's respectively. Notice that R in Eq. (2.12) denotes the standard Riemann tensor R ρσµν and f k i (X) = 1 (w k i (X) = 1) when such a term is absent, so it could be set F 0 = W 0 = 1. For instance, assumed that i = 1, the Ricci scalar R could be written as
According to Eq. (C.10), it is shown that the Lie derivatives of F i 's and W i 's along the Killing vector ξ µ disappear, giving rise to that ξ µ ∇ µ λ = 0 holds identically. Therefore, we are able to put forward a generalized conserved currentJ K for any Killing vector, irrespective of whether the metric is on-shell or off-shell.J K depends at most upon the second-order derivatives of the Killing vector ξ µ and is expressed aš
Here it is worth noting that the 1-formJ K is constrained by Eq. (2.8). The currentJ K mainly differs from the usual Komar currentJ K by non-linear terms of the Killing vector. As a direct result ofJ K , it is allowed to single out the conserved currentJ K + Rξ = 2G µν ξ ν dx µ with a 1 + a 2 = −1. In fact, the quantityŪ can be covered by the scalars F i 's and W i 's given by Eq. (2.12). Consequently, a straightforward generalization of Eq. (2.13) leads to the more general conserved current
Notice that λ is presented by Eq. (2.11) in the above equation and h(ξ 2 ) in Eq. (2.13) has been incorporated into W i . What is more, if the spacetime is Ricci-flat,Ĵ K acquires the following formĴ
In accordance with Eq. (2.13), if the number of the Killing vector in any term of the conserved currents is demanded to be one, one can find thatJ K differs fromJ K by the terms proportional to the Killing vector, that is,
As a result, regardless of the terms b 1 ξ and b 2 Rξ, under the condition that the conserved current is permitted to rely at most upon second-order derivatives of a Killing vector, such a current has to take the form proportional to the co-closed 1-formδdξ. To this point, it could be concluded that the ordinary Komar conserved current is "unique".
For instance, in the framework of the Einstein gravity theory described by the Einstein-Hilbert Lagrangian
where Λ is the cosmological constant, according to Eq. (2.16), a conserved current can be proposed as
The extended Komar currents associated to generic vector fields
We move on to consider the generalization for the Komar current (2.3) to the one with respect to an arbitrary vector V µ in n-dimensional spacetime. For the sake of convenience, the symmetrization and anti-symmetrization of the covariant derivative of this vector are supposed to take the respective forms
Obviously, the tensor Φ µν (Ψ µν ) is (anti-)symmetric under the interchange of the two spacetime indices. The contraction Φ between Φ µν and the metric tensor is denoted by
In accordance with the notation of differential forms, the divergence of Φ µν is given by 
According to this, it will be seen below that they are potential candidates to play the roles of the basic ingredients in the construction for the conserved current with respect to the vector V µ .
As the matter of fact, inspired by the form (2.3) for the usual Komar current, we assume that a conserved current J V (δJ V = 0) associated with the vector V µ is a linear combination of the vectors X µ (i) 's with weights k i 's, namely,
Throughout the present work, the scalars k i 's stand for arbitrary constant parameters. As a straightforward extension of the conventional Komar current, it is natural to impose the requirements that the number of V µ in each X µ (i) is restricted to one and X µ (i) 's are all the elements that can generate an arbitrary second-order derivative vector field of V µ . Hence the former ensures that the conserved current is linear in the vector field. As a consequence
This implies that the conserved current J V can be further expressed as the following general form:
as long as V obeys the constraint
Apparently, two simple cases of this constraint are the ones in which k 1 = 0 = k 2 for arbitrary vectors and Φ µν = 0 for the Killing vectors. Noteworthily, apart from the form (2.23), by means of Eq. (A.8), we are able to reformulate the constraint condition as the following form
Eq. (2.24) directly leads to the conclusion that the 1-form J V is co-closed for any vector V µ fulfilling the condition ∇ µ V µ = 0 when the spacetime is Ricci-flat. For the sake of simplification, it is reasonable for us to introduce the most general quadratic operation P(k 1 , k 2 , k 3 )
through the linear combination of the operators , dδ andδd, which automatically leaves the form degree of any differential form unchanged and is expressed as
By making use of such an operation, we are able to rewrite the current J V as
What is more, if both k 1 and k 2 are permitted to be functions of coordinates, it is worth noting that the condition (2.23) should be modified as Lastly, motivated by Eq. (2.2), we take into consideration of the current corresponding to the vector obeying the equation 
It is apparently divergence-free and recovered by J V . In parallel, considering the vector field satisfying the well-known Proca equation P(0, 0, 1)V = λV (the constant parameter λ = 0)
or the more general one P(0, χ, λ)V = Y(V), we obtain the related identically conserved
Constructing conserved currents out of J V
In order to illustrate the generalized Komar current J V , within this subsection, we shall take Provided that the almost-Killing vector fulfillsδdδκ = 0, we haveδ κ = 0 = δ κ and δΩ(κ) = 0, where Ω is given by Eq. (A.3) . What is more, when V µ = κ µ , the current J V goes to
Here we have to impose the constraint k 1 χ + 2k 2 = 0 orδdδκ = 0 to guarantee that δJ AKV = 0. Particularly, when k 1 = 1, k 2 = −χ/2 and k 3 = −2, it covers the current J ν AK in [6, 22] . To see this clearly, note that Eq. (A.8) is of great use.
Second, if V µ is a conformal Killing vector, which maintains the metric up to an arbitrary multiplicative factor φ (the so-called conformal factor) and is defined by Firth, we take into account the conserved current for the vector being of the form
37)
where C µρνσ is the standard Weyl tensor, while B µν denotes the traceless, symmetric and conserved Bach tensor, corresponding to g µν B µν = 0, B µν = B νµ and ∇ ν B µν = 0 respectively. For such a vector, the conserved current J BV = (k 1 +k 3 )δdV. Besides, for the Killing vector ξ µ , another conserved current associated to the Bach tensor is J µ B = k 1 B µν ξ ν . Fifth, supposed that the vector V µ can be expressed as the Hodge coderivative of some 2-form ω in analogy with the works [9, 10] , that is, V =δω (here the divergenceless vector field V µ is unnecessarily restricted to the Killing vector), the conserved current J V then turns into 
, we obtain the conserved current
When V µ is just the Killing vector ξ µ , namely, ξ =δω, the co-closed 1-form J gr ω | 2k 1 =−1,k 3 =0 is consistent with the conserved current (2.18), as well as the one given in [9, 10] . It has been demonstrated in [23] that J gr ω | 2k 1 =−1,k 3 =0 might provide a novel understanding on the thermodynamics of AdS black holes. Besides, if V µ is the solution of the Proca equation δdV = λV, yieldingδV = 0, the 1-form field J gr ω can be proposed as its corresponding conserved current.
Various generalizations of the current J V
In the present section, we are going to take into consideration of the generalizations of the conserved current J V . We shall mainly concentrate on the extended current that is dependent of at most second-order derivatives of the vector field, as well as the one encompassing higher-order derivative terms of the vector.
First, if it is allowed that the current is able to admit the first-order covariant derivatives of V µ , the current J V may be generalized to the onẽ
Here b i (i = 1, 2, 3) are constant parameters or functions of the scalar V · V . To make the coderivative ofJ V vanish, the vector V µ has to obey thatδJ V 1 = −δJ V . Besides, if the number of the vector V µ in each term is not restricted to one, from a mathematical point of view, the most general 1-form that contains the terms of no higher than second order covariant derivative of the vector V µ iš
where J V 2 is presented by Eq. (B.1) in the appendix B.J V is the conserved current associated with the vector satisfying the equationδJ V = 0.
In some sense, the generalized currentJ V given by Eq. (3.3) can be applied to understand the Noether current corresponding to the diffeomorphism symmetry of a spacetime manifold, generated by an arbitrary vector field V µ , in the context of the Einstein gravity equipped with the Lagrangian (2.17). According to the standard Noether method, the conserved current associated with the diffeomorphism symmetry is given by J N C = −δdV [24, 25] . On the other hand, as what has been mentioned above, supposed that the current depends solely on the terms proportional to at most the second-order derivatives of a vector, the satisfactory conserved current for V µ has to beJ V . However, sinceJ V is necessarily divergence-free for arbitrary vectors, it is demanded that the 1-forms J V 1 and J V 2 , as well as the parameter λ together with the ones k 1 , k 2 in J V , disappear. This indicates that the currentJ V further becomesJ V = k 3δ dV. In other words, the co-closed 1-form k 3δ dV, which maintains the form degree of the arbitrary 1-form V and has the lowest differential order, is the only covariant expression of the conserved current that is identically conserved and linear in any vector field. To this point, one is able to observe that the Noether current (here ξ µ is an arbitrary vector field according to the notation in [1] ) for the conserved current in [1] without the assistance of the standard Nother approach.
Next, if the conserved current, which is required to be linear in the vector V µ , is permitted to consist of all the terms proportional to (2i)-th-order (the integer i is restricted to 1 ≤ i ≤ N for some given positive integer N ) derivatives of this vector, the current J V can be straightforwardly generalized to the higher-derivative one J HV to be co-closed, is defined through
with the 1-formsV
while the co-closed 1-forms {J (2i)
HV , i = 1, · · ·, N } can be expressed as a similar form like the usual Komar current J K , that is,J (2i)
by virtue of the 1-formṼ (i) , given bỹ
In Eqs. (3.6) and (3.9), s j 0 j 1 ··· i 2 i 4 ··· 's, t j 0 j 1 ··· i 2 i 4 ··· 's and u j 0 j 1 ··· i 2 i 4 ··· 's refer to arbitrary constant parameters. The positive integers i 2 , i 4 , i 6 , · · · run over the numbers 2 and 3, the integer j 0 ≥ 1, and the non-negative integers j 0 , j 1 , j 2 , · · · are constrained by j 0 + j 1 + j 2 + · · · = i. For convenience, we have used the notations P 1 = P(1, 0, 0) , P 2 = P(0, 1, 0) , P 3 = P(0, 0, 1) , (3.10)
while P 0 1 = P 0 2 = P 0 3 denote identity operators. By the way, it should be pointed out that the two operators P 2 and P 3 have to be separated by P 1 attributed to the fact that P 2 P 3 = 0 = P 3 P 2 . Apparently, the current J (2N ) HV includes J (1) in work [18] as a special case. When N = 1,V j 1 j 2 ··· i 2 i 4 ··· = V and it accordingly becomes J HV is able to be viewed as the Noether current corresponding to the diffeomorphism symmetry generated by the vector fieldṼ µ (i) , testifying the one-to-one correspondence between the vector field and the conserved current in another manner. Apart from this, it may be interpreted as the higher-order derivative correction to J K . Therefore,J Apparently, the 1-form J
HV (ξ) is conserved under the condition that (k 11 + 2k 13 )δ 2 ξ = 0. If adding a co-closed 1-form J HV (ξ), we are able to get a more general conserved current depending at most upon the firth-order derivatives of the Killing vector, that is,Ĵ 
Here the coefficient of ξ in J 
Conclusions and remarks
By virtue of the quadratic differential operators , dδ andδd, together with their linear combination P(k 1 , k 2 , k 3 ) given by ( Remarkably, in terms of the combined operator P, all the equations involved in second-order derivatives of these vectors can be written as the unified formulation (2.27) . Furthermore, the operator P assists us to conveniently generalize J V to the conserved current J
HV in Eq. (3.5), which contains higher-order derivatives of a general vector field and might be used to defined the conserved charges of higher-derivative gravity theories. In order to understand the general conserved current J (2N ) HV , we propose that an effective approach is to compare it with the Noether current obtained through the standard Noether method.
Apparently, the conserved currents in the present work are constructed from the mathematical point of view. However, they have physical significance. Among them, one or more may be expected to possess some nice properties beyond the usual Komar current. To demonstrate these, it is completely necessary to investigate the applications of the conserved currents in the definition of conserved charges of various gravity theories, particularly of the higher-derivative gravities. Noteworthily, when these currents are applied to compute the charges of some specific gravity theory, one may encounter the problem how to fix the coefficients in them for the sake of finding out the appropriate conserved currents. Anyway, we think that such conserved currents at least have to give rise convergent charges that satisfy the first law of thermodynamics or match those via other typical methods. We look forward to the further investigations to answer all the mentioned problems.
A Introduction to the operators ,δd and dδ
Within the work [18] , it has been demonstrated that both the two fundamental operatorsδd and dδ, constructed out of the combination of the Hodge star ⋆ and the exterior derivative d, can be used to compute the second-order derivatives of an arbitrary p−form F but maintain its form degree unchanged. Here the Hodge star operation is defined through (⋆F) µ 1 ···µq = (p!) −1 F ν 1 ···νp ǫ ν 1 ···νpµ 1 ···µq under its action on the p−form F, while the exterior differential of F is presented by (dF) µ 0 ···µp = (p + 1)∇ [µ 0 F µ 1 ···µp] . In terms of the linear combination of dδ andδd, the action of the ordinary generally covariant d'Alembertian operator = g µν ∇ µ ∇ ν on F, which leaves the form degree unaltered as well, could be written as the so-called Weitzenböck identity [18] 
where in component notation the p-forms F, dδF, andδdF are given by
respectively, while the component of p-form Ω(F) takes the form
Here R ρσµν denotes the standard Riemann-Christoffel tensor of the spacetime metric, de- 4) and the latter turns into Eq. (A.2) indicates that , dδ andδd denote all the three elementary second-order covariant derivative operators that can preserve the form degree of an arbitrary p-form. To see this clearly, letting the covariant derivative operation ∇ µ act on a p-rank antisymmetric tensor F µ 1 ···µp twice in succession, one finds that all the resultant p-rank antisymmetric tensors have to take the three types of forms:
In the above equation, the first and second expressions are covered by the components of F and dδF respectively, while the third one in the notation of differential forms is just the linear combination of the p-forms F andδdF. Consequently, as what has been shown in [18] , instead of the operators {∇ ν ∇ ν , ∇ µ ∇ ν , ∇ ν ∇ µ }, the three ones { , dδ,δd} can be always applied to act on antisymmetric tensors because of their own advantages in differential forms. Moreover, Eq. (A.7) obviously shows that all the three operations , dδ andδd are the fundamental ones of the lowest differential order, which leave the form degree unchanged.
Additionally, for an arbitrary vector V µ , Eq. (A.1) yields the commutation relation betweenδ and , that is,
Apart from this, the more general commutation relation δ , m V has been presented in the work [18] .
B The expression for J V 2
We assume that the 1-form J V 2 only depends on the terms proportional to the second-order derivatives of the vector V µ , and the number of V µ in each term is permitted to be more than one. Hence, the components of the 1-form J V 2 take the most general form
with the scalar U defined by
In Eqs. (B.1) and (B.2), the scalars λ ij =λ ij f ij (V · V ) and u ij =ũ ij h ij (V · V ). Herẽ λ ij 's andũ ij 's stand for arbitrary constant parameters since it is assumed that the vector field and the metric tensor, together with their derivatives, are the only variables of the conserved currents throughout the present work.
C Some properties of Killing vectors
In this appendix, we shall provide some important properties of the Killing vector ξ µ , which are tightly relevant to our calculations.
In particular, when the differential form 
Lastly, another useful identity associated with the Killing vector field is
